The empirical correlation between the logarithm of tunneling splittings and the temperature at which the spin-lattice relaxation time is minimum for methyl groups in different molecular crystals is explained successfully by taking multi phonon processes into account. We show that one-phonon transitions dominate in the low barrier limit. However, in the intemediate barrier range and high barrier limit, it is necessary to include multiphonon processes. We also show that the empirical correlation depends only logarithmically on the details of the phonon bath.
I. INTRODUCTION
The hindered motion of methyl groups in molecules embedded in a crystal has been the subjeCt of many recent in vestigations by high resolution inelastic neutron scattering (INS), nuclear magnetic resonance (NMR), 1-3 and recently by optical measurements 4 since it is one of the few examples where the indistinguishability of the three protons in a methyl group has an observable quantum effect. This dynamics also exhibits a continuous transition from coherent tunneling motion at low temperature to incoherent thermally activated motion (classical "hopping") at high temperature for many different compounds. Rotational tunneling frequencies in the range 0.1-100 GHz are accessible to INS, while small tunneling splitting (below 50 MHz) can be studied by an NMR field cycling cross relaxation technique. 5 • 6 In addition, the activation energy for methyl group rotation at higher temperatures can be determined from proton spinlattice relaxation time (T 1 ) measurements. This is quite different from translational tunneling in which the tunneling splittings of only a few systems have been reported. 7 • 8 The reason that we can observe tunneling splitting for methyl groups even at high temperature is that rotational tunneling is a many body problem in which the exact threefold symmetry of the potential is produced by the indistinguishability of three protons in methyl group.
Several years ago, Clough 9 -t4 observed that an empirical correlation exists between the logarithm of the tunneling splitting (In (j)t) and the temperature at which spin-lattice relaxation time is a minimum (T min) for all the compounds which have been measured up to now. This correlation curve is shown in the Fig. 1 . This correlation strongly suggests that the only relevant parameters are the temperature and the potential height, and more importantly, that the details of the phonon bath do not playa major role in this empirical correlation. This correlation curve also provides a way to estimate the order of the magnitUde for the tunneling splitting, a property usually measured at low temperature, by measuring the spin-lattice relaxation time at high temperature where the thermal fluctuations are large. Note that the slope of the In (j) t vs T min curve decreases as T min increases, suggesting a change in the basic physics for small {j)t (high barriers). In the following, we will explain this trend quantitatively. In Fig. 2 , we plot the barrier height determined from the tunnel splitting vs the observed activation energy
We approach the problem in this paper by the standard quantum statistical method. Starting from the Hamiltonian for the whole system including phonons 15 we derive the transition rates for the spin states which determine spin-lattice relaxation time under the assumption of the existence of a single spin temperature. Comparing with the tunneling splitting from exactly diagonalizing the spatial part of the system Hamiltonian, we find that this empirical correlation can be explained successfully by taking into account multiphonon processes. It is also shown that the relationship between tunneling splitting and T min is insensitive to the parameters of the phonon bath, since these enter only logarithmically.
Recently, Clough 14 has adopted an unusual approach to explain the transition from low. tempera,ture quantum motion to incoherent classical motion at high temperature, in which the C 3 symmetry is broken by induding a vector potential in the Hamiltonian of the methyl group in analogy with electromagnetism and the discussion of Berry 16 on the geometrical phase. This approach has not yet led to quantitative results for the present problem. We will comment on a possible connection with our work in the conclusions. tial and the spin parts of the dipolar interaction in spherical coordinates. We assume that methyl groups couple independently to the phonon bath and nuclear spins of three protons can interact only indirectly to the phonon bath via spatial part of the rotors. The potential of the methyl group is threefold symmetric with respect to the C 3 rotation since the three protons in the methyl group are indistinguishable. The rotor-phonon interaction is assumed for simplicity to be linear in phonon coordinate, but threefold symmetric with respect to the rotational degrees of freedom. 
this basis set, the rotor Hamiltonian can be expanded in terms of operator basis X ~m = Ins) (msl, and the phonon bath can be written in the second quantized operators band b +, the Hamiltonian for the combined rotor and phonon system is given by18
where en is the eigenvalue of the nth level, ands = A, E a , E b •
Since the rotor-phonon interaction is spin independent, we will neglect the symbol s whenever only the rotor-phonon system is considered. The total wave functions are antisymmetric with respect to the permutation of any two protons because the three protons in methyl group are indistinguishable. The strong chemical bonds between protons and carbon prohibit just one permutation at the temperatures we consider. Thus the total wave functions for the methyl group need only to be symmetrized with respect to C 3 rotation which is equivalent to two permutations. However, if we apply the exclusion principle rigorously, the wave functions for the methyl group are the linear combination of the direct product: 10
, where 'l' and <I> are the spatial and spin parts of the wave function, respectively, and 'l'~b is 'l' Eo with one exchange of protons. The spatial and spin parts of the methyl group are therefore strongly correlated in the sense that they cannot reduce to a simple product form.
After defining the Hamiltonian, the matrix elements for H D and Hrp can be calculated directly. There are only a few nonvanishing elements between different states due to the symmetry of methyl group and dipolar interaction. For instance, no transition between A states and E states can be induced by rotor-phonon interaction, since the coupling is spin independent, which implies that rotor-phonon interaction can only scatter methyl group from one state to another state without changing its spin state. The dipolar interacion can mix different spin states due to the weak magnetic interaction among protons. However, intramethyl and intermethyl interactions behave quite differently: intramethyl dipolar interaction can only connect A and E species, but there is no symmetry restriction for the intermethyl dipolar interaction.
B. Transition rates
Transition rates can be calculated by the Fermi Golden Rule, which gives
where we have used Greek letters to represent spin states, mn torsional states, and pp' phonon states. Eamp and E{3np' are the total energies of the whole system. Employing the identity
The thermal average of the transition rates from la) to 113)
is given by
where Pr(m), Pp (p) In the basis of rotor eigenfunctions, the thermal transition rate between different states can be written as
(wa{3 + wmn f + l:nn
Since the dominant contribution comes from the nearest tunneling pairs, Eq. (10) can be simplified to
.x2
where we have approximated lmm + 1 by 1 m' w;n is the tunneling splitting ofthe nth torsional state. Furthermore, since the correlation time for the spin degrees offreedom is usually much longer than that of rotational motion, we can apply a short time expansion to the rotational degrees of freedom. Therefore, W a {3 becomes
In Eq. (12),7 is the correlation time for the rotational degrees offreedom and 7,; 1 is the width of the nth level, given by the sum of the transition rates from n to all the other states, 7;;-1 = !.;"n W nm ' where !.;"n means sum over all m and n except m = n. In other words, the correlation time for the rotational motion is the thermal average of the broadening for each torsional state. Essentially, this result was observed by Haupt 20 years ago. 15 The interpretation given here is similar to that of Haupt, but quite different from the work of Clough and Stejskal and Gutowsky, 9 .17 who associate the inverse of correlation time with the thermal average of angular momentum and tunneling splittings for rotation states, respectively. Note that the tunneling splitting appearing in the equation for the spin conversion rate is also reduced to the thermal average of all tunneling splittings in each torsional manifold. Since the sign ofthe tunneling splittings alternates, w, reduces to zero as temperature increases.
c. Multiphonon processes
As mentioned in the Introduction, since in the high barrier limit Debye frequencies are smaller than the energy difference between ground and first torsional state, we cannot neglect multiphonon processes in this system, a fact which has been ignored in previous work. Neglecting multiphonon processes causes the activation energies calculated from 7 = 70 exp( (3Ea) to be smaller than the experimental results. The latter are usually slightly smaller than the potential barrier height for most compounds, in the temperature range that experiments have been performed. Furthermore, only a small fraction of acoustic phonons are populated in that temperature range. More importantly, we should note that methyl group is a pure quantum mechanical system since the energy spacings for the rotor states go like m 2 , Hence, we should not assume that classical behavior holds for methyl group dynamics. In order to explain the high activation energy, multiphonon processes have to be taken into account.
Multiphonon processes are included by making a polaron transformation which eliminates the diagonal coupling completely. Effecting the transformation II = e-sHe s , where 
This same transformation had also been employed by Hewson,18 but he assumed that the only effect of removing diagonal coupling is the renormalization of the rotor eigenvalues. The effect on the off-diagonal coupling has been completely neglected. Due to the difference of g;n and gjln in 8 nm' the transformed perturbation can produce multi phonon processes. Substituting the new coupling term into Fermi Golden Rule, we get the general form for the multiphonon transition rates:
where (19) (20) From these expressions, we shall show later that twophonon emission and absorption become the dominant processes when the energy spacings between rotational states are larger than Debye frequency and thus one-phonon processes become zero. Raman processes can be neglected completely since energy cannot be conserved. In the next section, we shall apply these two processes to the calculation of the spin-lattice relaxation time.
III. SPIN-LATTICE RELAXATION
Under the assumption of the existence of a single spin temperature, the spin-lattice relaxation rate can be writtetl in a closed form 19
Substituting the thermal transition rate Waf3 into Eq. (25), we get a general expression for the spin-lattice time:
( r 4r)'
where T 1-1 contains two contributions, intramethyl (C 1 ) and intermethyl (C 2 ) relaxation. Due to the symmetry, in- (27) which implies (T l-I)~l~a =: C I 7 min = CIw l -l ;:::: 10-2 s-I, while (T 1-1 ) ~l~r = C 2 w i. 1 ;:::: 10 2 s -I. Hence, intermethyl contributions to (T 1-1 )min are much more important in this limit. In the high barrier limit two contributions merge together; however, the position ofthe temperature for the maximum relaxation rate is still determined by the intermethyl dipolar interaction. Therefore Pmin = -In(wL 70)IEa = .
-r In(wL 70)/V at the maximum relaxation rate, with r = V lEa. When we employ the property that In WI is proportional to V, then a linear correlation In WI = aTmin + const exists, where a = yin w L 70 and 70 is proportional to A. 2. This accounts for the approximate linearity in the empirical correlation. The phonon spectrum appears in the preexponential factor 70 only and therefore affects the slope logarithmically. This is the reason why this correlation is insensitive to the parameters of phonon bath as noted by Clough. However, note that the slope depends on the activation energy linearly which is important for the understanding of the decreasing of the slope as barrier height increases.
IV. RESULTS AND DISCUSSIONS
Employing Eqs. (23) and (24) for one-and twophonon processes, respectively, we numerically calculate the temperature dependence of the rotational correlation time, the activation energy, and the spin-lattice relaxation for different potential barriers. Figure 3 shows the temperaturedependence of activation energies for one-phonon processes which are just the energy spacing between ground state and second excited state. It is easy to see the increase of the activation energy is quite linear as a function of barrier height. The same behavior is also found in the Fig. 4 , which shows the evolution of the spin-lattice relaxation time for several barrier heights. Therefore in Fig. S , we find a linear correlation for T min and WI under the assumption that only onephonon processes are involved.
Hence, this remarkable correlation can be obtained qualitatively by just considering one-phonon process. However one-phonon processes still fail to account for the small change of the slope of this correlation at high barrier limit. As we discussed in the previous paragraph, the reason for this is that the activation energies calculated from the onephonon calculation are smaller than the potential barrier height in the experimental temperature range. The change of the slope at higher potential barrier for the experimental data can be shown to be as a result of the multiphonon processes. In Fig. 6 , the activation energies due to the multi- phonon processes show much higher values than that from one-phonon processes. Further calculations on the spin-Iat-" tice relaxation for the two-phorion processes are shown in Fig. 7 . Considering only one-phonon processes, the activation energy is simply the energy spacing between thte ground and the first excited states. Due to the restriction of the conservation of energy, the states with higher energy do not contribute to the activation energy. HOwever, when the mul" tiphonon processes are included, more eigenstates can interact with the phonon bath. Hence, the activation energy in-25. creases since more higher quantum states join the processes.
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As we have shown in the previous section, the slope of the empirical correlation is dependent on the activation energy linearly, therefore the change of the slope to lower value when we include muItiphonon processes is expected. The results of calculation for the two-phonon processes are shown in Fig. 8 . The result is very similar to the one-phonon processes at the low barrier limit (10-40 meV) except that the slope of the two-phonon processes is still smaller than that of one-phonon processes. 
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FIG. 6. The activation energies for V = 10-70 as a function of temperature calculated from two-phonon processes. A substantial increase of activation energy for V = 50, 60, and 70 me V can easily be seen. rotational states is opened up, and the activation energy becomes the difference between the ground and the third excited states (~50 meV). As we increase the potential further, the original channel becomes less important, and a new channel dominates. We therefore get a even higher activation energy which corresponds to the ground and fourth excited states (60~70 meV). The results in Fig. 9 show that the matrix element between different rotor states have some interesting trends. For instance, !f2, g13, and g24 are much larger than those elements connected closest torsional states. MUltiplying with the Boltzmann factor, the activation ener- gy is usually determined by the competition between EOI at the low temperature and E o2 , E 03 , or E04 at the high temperature. Due to this multichannel effect in the multiphonon processes, the activation energies tend to be close to the potential barrier which explains the experimental results on the relationship between activation energy and the potential barrier shown in Fig. 2 . Frdm the previous discussion, we know that the gradual"changing of the slope to lower value as the potential barrier is increased is due to the activation e-nergy and the potential barrier being close to each other, which has been explained quite successfully using multiphonon processes.
V. CONCLUSION
In this study, we have been able to clarify the underlying physics of the tunneling motion of methyl groups from low to high temperature. The correlation between T min and In w, has been explained and we have pointed out that the slope of the T min vs In w, curve decreases as T min increases due to a change in the basic physics for small w,. One phonon transitions have been shown to dominate in the low barrier limit; however, in the intermediate barrier range and high barrier limit the Debye frequency is always less than the energy spacing between the torsional levels, and two-phonon (and multiphonon) processes have to be considered. The unusual high activation energy is identified as the key to understanding the change of the slope for this empirkal correlation. The insensitivity of the correlation to the parameters of the phonon bath is justified in the sense that the unknown coupling constant between the rotor and phonon bath appears only in a logarithmic term.
The suggestion of Clough 14 that a vector potential be introduced into the Hamiltonian for the methyl rotation in order to explain the quantum dynamics and spin relaxation is an interesting and potentially important one. Our approach, on the other hand, has been very traditional, and it is therefore difficult to see the connection to the suggestion of Clough. However, one possibility does exist: it has long been shown
